Abstract. In this note, we study the problem of uniqueness of Ricci flow on complete noncompact manifold. We consider the class of solutions with curvature bounded above by C/t when t > 0 and proved uniqueness if initial curvature is of polynomial growth and Ricci curvature of the flow is relatively small.
introduction
Let (M n , g 0 ) be a complete Riemannian manifold. In [11] , Hamilton introduced the Ricci flow ∂ ∂t g = −2Ric
and estalished short time existence and uniqueness on compact manifolds. Later on, using the idea of DeTurck's trick [7] , Shi [23] and Chen-Zhu [5] generalised the existence and uniqueness result to complete manifolds with bounded curvature. They assert that for any (M, g 0 ) with bounded curvature, there is a unique solution starting from g 0 with bounded curvature. It is natural to ask to what extend that we have short-time existence and uniqueness of Ricci flow on a manifold. When n = 2, Giesen and Topping [9, 26] successfully extended the classical results. In particular, they showed that for any initial surface (including those that are incomplete and with unbounded curvature) can be flowed in a unique way by a smooth and instantaneously complete solution and the maximal existence time can be explicitly calculated. In case of n = 2, the Ricci flow is reduced to logarithmic fast diffusion Equation whose study can be reduced to a single scalar PDE. However for n ≥ 3, the Ricci flow is a system of nonlinear weakly parabolic PDE. It is unclear how much their works can be extended to higher dimension.
There are nevertheless a number of existence results in which the initial metric has potentially unbounded curvature. For example, Cabezas-Riva and Wilking [1] use Cheeger-Gromoll exhaustion to construct a Ricci flow when the initial metric has nonnegative complex sectional curvature. Moreover the curvature is instantaneously smoothed out by c/t if the initial metric is noncollapsing. When M = C n , Chau-Li-Tam [2] and Yang-Zheng [28] have constructed solutions to Kähler Ricci flow which is U(n)-invarient. In related work, Koch-Lamm [16] and Schnrer-Schulze-Simon [20, 21, 24] considered flow from metrics which are possibly nonsmooth and C 0 perturbation of some metric with bounded geometry. Xu [27] proved existence of solutions under some integral bound on curvature and He [12] used Xu's partial flow to consider metric with small Ricci curvature but unbounded curvature. More recently, Hochard [14] proved a short time existence result on dimension three when the initial metric has Ricci lower bound and non-collapsing. He [13] and Lee-Tam [15] constucted solutions if the initial metric is locally Euclidean in appropriate sense.
Comparatively, not much is known about the uniqueness except for some special cases. To the best of our knowledge, it is still unknown whether any of the above examples are unique. There are a very few result in this direction. For example, Fan [8] and Chau-Li-Tam [3] showed the uniqueness of Kähler Ricci flow if the flows are uniformly equivalent to a metric with bounded curvature. Sheng-Wang [22] studied complete solutions with lower bound on complex sectional curvature and proved uniqueness under some extra assumptions on initial metric. When n = 3, Chen [4] obtained a local estimates which implies two flows starting from a three dimensional manifold with bounded nonnegative sectional curvature must argee identically. More recently, Kotschwar [18, 17] introduced energy method and extended the classical uniqueness result to the case when two flows are uniformly equivalent and their curvature is bounded above by C(d 0 (x, p) 2 +1)/t γ , γ < 1/2 or C/t γ , γ < 1. Compare to recent examples, most of solutions have curvature bound of C/t. It is natural to ask to what extend that uniqueness holds within the class of solutions with C/t bound.
In this note, we discuss the uniqueness problem on the class of solutions with curvature bound C/t. Within the Kähler category, we consider flows which are uniformly equivalent. In this work, we will prove: 
Given the recent examples, most of those solutions have non-integrable curvature bound. It is hard to say if two flows are uniformly equivalent to each other. From this point of view, we discuss Ricci flows in which uniform equivalence is not assumed. We use the energy method in [18] to prove that if the curvature of initial metric is polynomially growth and the curvature of flows is bounded by a/t where a is relatively small. Then the solutions must agree. 
The paper is organized as follows: Theorem 1 will be proved in section 2, and Theorem 2 will be proved in section 3.
Uniqueness of Kähler Ricci flow
In [17] , the author consider the uniqueness problem if the curvature is bounded above by Ct −γ for γ ∈ [0, 1). In particular, the flows are uniform equivalent. In this section, we consider the problem within Kähler category and extend the uniqueness to the case of γ = 1 provided that the flows are uniformly equivalent.
Proof of Theorem 1. By parabolic rescaling, we may assume T = 1. Sincē g = g(1) has bounded curvature. By [25] 
where α = 2(n − 1)C 1 . We may assume α = 1 + β > 1 As in [3] , we define w :
On the other hand,
In particular,
. Using (2.1) and (2.2), we have
On the other hand, as w 2 is bounded, there exists a compact set K such that for all (
By letting ǫ → 0, we conclude that w ≡ 0 which implies g(t) =g(t) by differentiating w.
Uniqueness of Ricci flow
If the curvature is bounded above by Ct −γ where γ < 1, then we can integrate from 0 to t and conclude that two flows are equivalent. However there are examples of solutions with curvature bounded above by Ct −1 which is not integrable, then it is hard to say if two Ricci flow are uniformly equivalent. In this section, we consider Ricci flows with curvature bound a/t where a is small but without assuming two flows are equivalent. In addition, we need to assume that the initial metric has mild curvature growth at infinity. More precisely, we prove the following. 
In order to apply maximum principle using energy method. We first need to construct a exhaustion function on M.
Exhaustion function on M.

Lemma 1. Suppose g(t) is a solution of Ricci flow on
Proof. By proposition 2.1 in [10] , there exists smooth function ρ :
Due to the curvature assumption, for any t ∈ (0, T ],
Hence if we take
√ T √ t then the first inequality holds. The second inequality holds when we choose a and τ small enough.
3.2.
Estimates on curvature and its derivatives. In this section, we use a result in [4] to modify estimate of |Rm(g(t))| in term of d t (x, p) if |Rm| < a t and intial curvature is of polynomial growth.
Lemma 2. Suppose (M, g(t)) is a complete Ricci flow for t ∈ [0, T ] satisfying
for some a, m,
Proof. Let L > 0 be a fixed constant first. Let
We may assume L = L(m, C 1 ) to be sufficiently large so that r ≤ R. Then by result in [4] ,
On the other hand, the curvature is bounded on B 0 (p, L). Use Chen's result again, we get the upper bound of |Rm| g(t) on B 0 (p, L). So by choosing a larger C 2 , we conclude that
By Shi type estimate, we can also obtain a estimate of |∇Rm| in term of spatial information.
Lemma 3. Suppose (M, g(t)) is a complete Ricci flow for t ∈ [0, T ] satisfying
Now we fix t 0 > 0, take ǫ = t 0 /2 and R ≥ 1.
By Shi/Hamilton's first order estimate [6] , on
where
Now we wish to get pointwise estimate. If
Combines the above result and interpolates with Shi estimate [6] , we have the following estimate.
) is a complete Ricci flow for t ∈ [0, T ] satisfying
Proof. By Lemma 8.3 in [19] , we have
Hence we can combine with above Lemmas and interpolate with the assumption to conclude the result. If d t (x, p) < 2C n √ aT , we can choose a larger constant C 3 so that the conclusion holds.
3.3. Evolution for energy quantities. Following the argument in [18] , we consider the following quantities
Now let us recall the evolution equation of h, A and S.
In [18] , the author considered the uniqueness problem where the metrics are uniformly equivalent in which λ(x, t) is uniformly bounded. In the following, we show that λ can be controlled in term of d t (·, p) under assumption of theorem 3.
Lemma 4. Under the assumption of theorem 3, there exists
In particular, we can pick
Proof. Due to Corollary 1, when d T (x, p) ≤ r where r ≥ 1, we have
Using Ricci flow equation, we therefore conclude that for any δ ∈ (0, 1],
Now we choose δ ∈ (0, 1] so that δ · log(C 1 ǫ −1 r m ) = 1. Noted that δ ∈ (0, 1] if r is sufficiently large. Then the above relation becomes
Energy argument.
Proof of theorem 3. We basically modify the curvature estimates so that we can apply the energy argument in [18] . We sketch the proof here. Abuse of notation, we will denote N to be any constant depending on n, C 0 , T, m, K for our convenience. . Therefore, if we define E r (t) to be E r (t) =ˆM Ee −η φ dµ t =ˆM |h| 2 + |Ã| 2 + |S| 2 e −η φ dµ g(t) .
Differentiate with respect to t. Using above estimates and integration by parts, we therefore conclude a similar differential equation as in [18] except that we are using cutoff and exhaustion function with respect to g(T ) instead of g(0).
∂ t E r ≤ Nr 
Together with Corollary 1 and Lemma 4, the last term is bounded above by NˆA g(T ) (r,2r)
where we have used volume comparison theorem on g(T ). As in [18] , by choosing L 2 sufficiently large depending on N, we can conclude that on M × [0, τ ], E ≡ 0 by solving the ode and letting r → ∞. Finally we Iterate the argument to conclude g =g on [0, T ].
